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1. Introduction
As a generalization of LP-Sasakian manifold ([17], [18]), Shaikh ([25], [27], [28]) introduced
the notion of (LCS)n-manifolds along with their existence and applications to the general
theory of relativity and cosmology. Moreover, Shaikh and his coauthors ([25]-[29]) studied
(LCS)n-manifolds by imposing various curvature restrictions. The (LCS)n-manifolds have
also been studied by Atceken [1], Hui et. al ([2], [6], [12], [13], [14], [15]), Narain and Yadav
[19], Prakasha [23], Sreenivasa et al.[32], Venkatesha and Kumar [33], Yadav et al.[35], and
others.
1 corresponding author.
1
2Locally symmetric manifolds were weakened by many geometers in different extents. In
those, the idea of recurrent manifolds was introduced by Walker in 1950 [34]. On the other
hand, De and Guha [7] introduced generalized recurrent manifold (GKn) with the non-zero
1-form A and another non-zero associated 1-form B. If the associated 1-form B becomes
zero, then the manifold GKn reduces to a recurrent manifold (Kn) introduced by Ruse [24]
and Walker [34].
The notion of recurrent manifolds have been generalized by various authors as Ricci-
recurrent manifolds (Rn) by Patterson [21], 2-recurrent manifolds by Lichnerowicz [16], pro-
jective 2-recurrent manifolds by Ghosh [11] and generalized Ricci recurrent manifold (GRn)
by De et al [8] etc.
Recently, semi generalized recurrent condition was introduced and studied on Lorentzian
α-Sasakian manifolds and P-Sasakian manifolds by Dey and Bhattacharyya [9] and Singh
et. al [31] respectively.
Definition 1.1. A Riemannian manifold (Mn, g) is said to be semi-generalized recurrent
manifold if
(∇XR)(Y, Z)W = A(X)R(Y, Z)W +B(X)g(Z,W )Y, (1.1)
holds. Here A and B are the 1-forms defined by
A(X) = g(X, ρ1), B(X) = g(X, ρ2). (1.2)
Definition 1.2. A Riemannian manifold (Mn, g) is said to be semi-generalized Ricci recur-
rent manifold if
(∇XS)(Y, Z) = A(X)S(Y, Z) + nB(X)g(Y, Z), (1.3)
holds, where A and B are 1-forms and are defined as in (1.2)
Our work is structured as follows: In section 2, we give a brief information about (LCS)n-
manifolds. The next three sections are respectively devoted to the study of semi generalized
recurrent, semi generalized φ-recurrent and semi generalized Ricci recurrent conditions on
3(LCS)n-manifolds. We have presented an example to verify our result in section 5. Section 6
deals with conformal Ricci solitons on (LCS)n-manifold. Here we mainly studied conformal
Ricci soliton in (LCS)n-manifold satisfying R(ξ,X) · M˜ = 0 and C(ξ,X) · S = 0.
2. preliminaries
An n-dimensional Lorentzian manifold M is a smooth connected paracompact Hausdorff
manifold with a Lorentzian metric g, that is, M admits a smooth symmetric tensor field
g of type (0,2) such that for each point p ∈ M , the tensor gp : TpM × TpM −→ R is a
non-degenerate inner product of signature (−,+, · · · ,+), where TpM denotes the tangent
space of M at p and R is a real number space. A non-zero vector v ∈ TpM is said to be
timelike (resp., non-spacelike, null, spacelike) if it satisfies gp(v, v) < 0 (resp.,≤ 0,= 0, > 0)
[20].
Definition 2.3. In a Lorentzian manifold (M, g) a vectorfield P defined by g(X,P ) = A(X),
for any X ∈ Γ(TM), is said to be a concircular vector field if
(∇XA)(Y ) = α{g(X, Y ) + ω(X)A(Y )},
where α is a non-zero scalar and ω is a closed 1-form and ∇ denotes the operator of covariant
differentiation of M with respect to the Lorentzian metric g.
Let M be an n-dimensional Lorentzian manifold admitting a unit timelike concircular
vectorfield ξ, called the characteristic vector field of the manifold. Then we have
g(ξ, ξ) = −1, (2.1)
Since ξ is a unit concircular vector field, it follows that there exists a non-zero 1-form η
such that for
g(X, ξ) = η(X), (2.2)
4the equation of the following form holds for all vector fields X, Y,
(∇Xη)(Y ) = α{g(X, Y ) + η(X)η(Y )}, α 6= 0 (2.3)
where α is a non-zero scalar function satisfying
∇Xα = X(α) = dα(X) = ρη(X), (2.4)
ρ being a certain scalar function given by ρ = −(ξα). Let us take
φX = X(α) =
1
α
∇Xξ, (2.5)
then by virtue of (2.3) and (2.5), we have
φX = X + η(X)ξ (2.6)
from which it follows that φ is a symmetric (1,1) tensor, called the structure tensor of
the manifold. Thus the Lorentzian manifold M together with the unit timelike concircular
vectorfield ξ, its associated 1-form η and an (1,1) tensorfield φ is said to be a Lorentzian
concircular structure manifold (briefly, (LCS)n-manifold) [25]. Especially, if we take α = 1,
then we obtain the LP-Sasakian structure of Matsumoto [17].
The following relations holds in a (LCS)n-manifold (n > 2) ([25], [27]):
φ2 = I + η ◦ ξ, (2.7)
η(ξ) = −1, φξ = 0, η ◦ φ = 0, g(X, ξ) = η(X), (2.8)
g(φX, φY ) = g(X, Y ) + η(X)η(Y ), (2.9)
(∇Xφ)Y = α{g(X, Y )ξ + 2η(X)η(Y )ξ + η(Y )X}, (2.10)
η(R(X, Y )Z) = (α2 − ρ){g(Y, Z)η(X)− g(X,Z)η(Y )}, (2.11)
R(X, Y )ξ = (α2 − ρ){η(Y )X − η(X)Y }, (2.12)
R(ξ,X)Y = (α2 − ρ){g(X, Y )ξ − η(Y )X}, (2.13)
S(X, ξ) = (n− 1)(α2 − ρ)η(X). (2.14)
53. Semi-generalized recurrent (LCS)n-manifold
Definition 3.4. An (LCS)n-manifold (M
n, g) is said to be semi-generalized recurrent man-
ifold if
(∇XR)(Y, Z)W = A(X)R(Y, Z)W +B(X)g(Z,W )Y, (3.1)
holds.
Theorem 3.1. In a semi-generalized recurrent (LCS)n-manifold the scalar curvature r is
given by
r =
1
A(ξ)
{2(n− 1)(α2 − ρ)η(ρ1)− (n
2 + 2)B(ξ)}. (3.2)
Proof. Let us consider a semi-generalized recurrent (LCS)n-manifold (M
n, g).
Taking cyclic sum of (3.1) with respect toX, Y, Z and making use of first Bianchi’s identity,
we have
A(X)R(Y, Z)W +B(X)g(Z,W )Y + A(Y )R(Z,X)W
+B(Y )g(X,W )Z + A(Z)R(X, Y )W +B(Z)g(Y,W )X = 0. (3.3)
On contraction, (3.3) leads to
A(X)S(Z,W ) + nB(X)g(Z,W ) + A(R(Z,X)W )
+B(Z)g(X,W )− A(Z)S(X,W ) +B(Z)g(X,W ) = 0. (3.4)
Again contracting the above equation, we get
rA(X) + (n2 + 2)B(X)− 2S(X, ρ1) = 0. (3.5)
On substituting X = ξ in (3.5), one can obtain the desired result. 
Now from (3.1), we have
(∇XR)(Y, Z,W, U) = A(X)g(R(Y, Z)W,U) +B(X)g(Z,W )g(Y, U). (3.6)
6On contracting (3.6) twice and taking non zero constant scalar curvature, we get
A(X) = −
n2
r
B(X). (3.7)
Thus, we have the following assertion;
Theorem 3.2. In a semi-generalized recurrent (LCS)n-manifold (M
n, g) the associated 1-
forms are in opposite direction provided scalar curvature is positive constant.
4. Semi-generalized φ-recurrent (LCS)n-manifold
Definition 4.5. An (LCS)n-manifold (M
n, g) satisfying the condition
φ2((∇WR)(X, Y )Z) = A(W )R(X, Y )Z +B(W )g(Y, Z)X, (4.1)
is called a semi-generalized φ-recurrent manifold.
Using (2.7) and then taking inner product with U in (4.1), we obtain
g((∇WR)(X, Y )Z, U) + η((∇WR)(X, Y )Z)η(U) = A(W )g(R(X, Y )Z, U)
+B(W )g(Y, Z)g(X,U). (4.2)
Contraction of the above equation over X and U , reduces to
(∇WS)(Y, Z) + η((∇WR)(ξ, Y )Z) = A(W )S(Y, Z) + nB(W )g(Y, Z). (4.3)
In an n-dimensional (LCS)n-manifold, we can easily see that
g((∇WR)(ξ, Y )Z, ξ) = −(2αρ− β){g(Y, Z) + η(Y )η(Z)}η(W ). (4.4)
By virtue of (4.4), (4.3) yields
(∇WS)(Y, Z) = (2αρ−β){g(Y, Z)+η(Y )η(Z)}η(W )+A(W )S(Y, Z)+nB(W )g(Y, Z). (4.5)
Taking an account of (2.5), the covariant derivative of (2.14) can be written as
(∇XS)(Y, ξ) = (n− 1)[(2αρ− β)η(X)η(Y ) + (α
2 − ρ)αg(X, Y )]− αS(X, Y ). (4.6)
7Setting Z = ξ in (4.5) and making use of (4.6), one can arrive at
S(Y,W ) = −
η(Y )
α
[(n− 1)(α2 − ρ)A(W ) + nB(W )]
+
(n− 1)
α
[(2αρ− β)η(Y )η(W ) + (α2 − ρ)αg(Y,W )]. (4.7)
Replacing Y by φY in (4.7) gives
S(Y,W ) = (n− 1)(α2 − ρ)g(Y,W ). (4.8)
Hence, we can state the following;
Theorem 4.3. A semi-generalized φ-recurrent (LCS)n-manifold (M
n, g) is an Einstein
manifold.
5. Semi-generalized Ricci recurrent (LCS)n-manifold
Definition 5.6. A (LCS)n-manifold (M
n, g) is said to be semi-generalized Ricci recurrent
manifold if
(∇XS)(Y, Z) = A(X)S(Y, Z) + nB(X)g(Y, Z), (5.1)
holds.
Suppose that (LCS)n-manifold is semi-generalized Ricci recurrent. Then from (5.1) we
have
(∇XS)(Y, ξ) = A(X)S(Y, ξ) + nB(X)g(Y, ξ). (5.2)
By virtue of (4.6) and (5.2), we have
αS(X, Y ) = (n−1)[(2αρ−β)η(X)η(Y )+(α2−ρ)αg(X, Y )−(α2−ρ)A(X)η(Y )]−nB(X)η(Y ).
(5.3)
Replacing Y by φY in (5.3) and using (2.14), we have
S(X, Y ) = (n− 1)(α2 − ρ)g(X, Y ). (5.4)
8If the manifold under consideration is Einstein, then (5.4) implies α2 − ρ = constant and
hence 2αρ−β = 0: Conversely, if 2αρ−β = 0, then ∇X(α
2−ρ) = 0: Consequently α2−ρ =
constant.
Thus we state the following:
Theorem 5.4. A semi-generalized Ricci recurrent (LCS)n-manifold is Einstein if and only
if β = 2αρ.
Example 5.1 We consider a 3-dimensional manifold M = {(x, y, z) ∈ R3}, where (x, y, z)
are the standard coordinate in R3. Let {E1, E2, E3} be linearly independent global frame
field on M given by
E1 = z(x
∂
∂x
+ y
∂
∂y
), E2 = z
∂
∂y
, E3 =
∂
∂z
.
Let g be the Lorentzian metric defined by
g(E1, E2) = g(E1, E3) = g(E2, E3) = 0,
g(E1, E1) = g(E2, E2) = 1, g(E3, E3) = −1.
Let η be the 1-form defined by η(Z) = g(Z, e3) for any vector field Z ∈ χ(M).
Let φ be the (1, 1)-tensor field defined by
φ(E1) = E1, φ(E2) = E2, φ(E3) = 0.
Using the linearity of φ and g, we have
η(E3) = −1,
φ2U = U + η(U)E3,
g(φU, φV ) = g(U, V ) + η(U)η(V ),
9for any U, V ∈ χ(M). Thus for E3 = ξ, (φ, ξ, η, g) defines a Lorentzian paracontact structure
on M .
Now we have
[E1, E2] = −zE2, [E1, E3] = −
1
z
E1, [E2, E3] = −
1
z
E2.
Let ∇ be the Levi-Civita connection with respect to the Lorentzian metric g. Using Koszul
formula for the Lorentzian metric g, we can easily calculate
∇E1E1 = −
1
z
E3, ∇E2E1 = zE2, ∇E3E1 = 0,
∇E1E2 = 0, ∇E2E2 = −
1
z
E3 − zE1, ∇E3E2 = 0,
∇E1E3 = −
1
z
E1, ∇E2E3 = −
1
z
E2, ∇E3E3 = 0.
From the above, it can be easily seen that (φ, ξ, η, g) is an (LCS)3 structure on M . Conse-
quently M3(φ, ξ, η, g) is an (LCS)3-manifold with α = −
1
z
6= 0 and ρ = − 1
z2
.
From the above relations, one can have the non-vanishing components of the curvature
tensor as
R(E2, E3)E3 = −
2
z2
E2, R(E1, E3)E3 = −
2
z2
E1, R(E1, E2)E2 =
1
z2
E1 − z
2E1,
R(E2, E3)E2 = −
2
z2
E3, R(E1, E2)E1 = z
2E2 −
1
z2
E2, R(E1, E3)E1 = −
2
z2
E3.
Using this, we find the values of the Ricci tensor as follows:
S(E1, E1) = −(z
2 +
1
z2
), S(E2, E2) = −(z
2 +
1
z2
), S(E3, E3) = −
4
z2
.
Since E1, E2, E3 forms a basis, any vector field X, Y, Z ∈ χ(M) can be written as
X = a1E1+b1E2+c1E3, Y = a2E1+b2E2+c2E3, where ai, bi, ci ∈ R
+ (the set of all positive
real numbers), i = 1, 2. This implies that
S(X, Y ) = −(a1a2 + b1b2)(z
2 +
1
z2
)− c1c2
4
z2
and g(X, Y ) = a1a2 + b1b2 − c1c2.
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By virtue of above, we have the following:
(∇E1S)(X, Y ) = −(a1c2 + c1a2)(z +
5
z3
),
(∇E2S)(X, Y ) = −(b1c2 + c1b2)(z +
5
z3
),
(∇E3S)(X, Y ) = 0.
This means that manifold under the consideration is not Ricci symmetric. Let us now
consider the 1-forms
A(E1) =
(a1c2 + c1a2)
z(a1a2 + b1b2)
, B(E1) =
−4(a1c2 + c1a2)
3z3(a1a2 + b1b2)
,
A(E2) =
(b1c2 + c1b2)
z(a1a2 + b1b2)
, B(E2) =
−4(b1c2 + c1b2)
3z3(a1a2 + b1b2)
,
A(E3) = 0, B(E3) = 0,
at any point X ∈M . From (5.1) we have
(∇EiS)(Y, Z) = A(Ei)S(Y, Z) + 3B(Ei)g(Y, Z), i = 1, 2, 3. (5.5)
It can be easily shown that the manifold with the above 1-forms satisfies the relation
(5.5). Hence the manifold under consideration is a semi generalized Ricci recurrent (LCS)3-
manifold.
6. Conformal Ricci Solitons on (LCS)n-manifold
In 2004, Fischer [10] developed conformal Ricci flow. In a classical Ricci flow equation,
unit volume constraint plays an important role but in conformal Ricci flow equation scalar
curvature is considered. This Ricci flow equations are called conformal Ricci flow equations
because of the role that conformal geometry plays in constraining the scalar curvature and
these equations are the vector field sums of a conformal flow equation and a Ricci flow
11
equation. These new equations are given by
∂g
∂t
+ 2(S +
g
n
) = −pg,
R(g) = −1,
(6.1)
where R(g) is the scalar curvature of the manifold and p ≥ 0 is a non-dynamical (time-
dependent parameter) scalar field, which is also called as conformal pressure and n is the
dimension of manifold. The conformal Ricci flow equations are analogous to the Navier-
Stokes equations of fluid mechanics (i.e., for incompressible fluid flow) [5]. At equilibrium
conformal pressure is zero and strictly positive otherwise. And it serves as a Lagrange
multiplier to conformally deform the metric flow so as to maintain the scalar curvature
constraint.
Basu and Bhattacharyya ([3], [4]), introduced the conformal Ricci soliton equation as
LV g + 2Sg = [2λ− (p+
2
n
)]g. (6.2)
This equation is the generalization of the Ricci soliton equation and it also satisfies the
conformal Ricci flow equation.
Setting V = ξ in (6.2) and using (2.5), (2.6) and (2.8), one can get
S(X, Y ) = kg(X, Y )− αη(X)η(Y ), (6.3)
where k = λ− (p
2
+ 1
n
)− α.
Contraction of the above equation gives the scalar λ under the conformal Ricci soliton as
λ =
p
2
+
(n+ 1)
n
α. (6.4)
Hence we have;
Theorem 6.5. A conformal Ricci soliton (LCS)n-manifold is an η-Einstein manifold and
the scalar λ is given by (6.4).
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Now we consider conformal Ricci soliton in (LCS)n-manifold satisfying R(ξ,X) · M˜ = 0.
Pokhariyal and Mishra [22] defined a tensor field M˜ on a Riemannian manifold as
M˜(X, Y )Z = R(X, Y )Z−
1
2(n− 1)
[S(Y, Z)X−S(X,Z)Y +g(Y, Z)QX−g(X,Z)QY ]. (6.5)
Such a tensor field M˜ is known as M-projective curvature tensor and it bridges the gap
between conformal curvature tensor, conharmonic curvature tensor and concircular curvature
tensor on one side and H-projective curvature tensor on the other.
Suppose conformal Ricci soliton in (LCS)n-manifold satisfies R(ξ,X) · M˜ = 0. Which
implies that
η(R(ξ,X)M˜(U, V )W )− η(M˜(R(ξ,X)U, V )W )
−η(M˜(U,R(ξ,X)V )W )− η(M˜(U, V )R(ξ,X)W ) = 0. (6.6)
By virtue of (2.13), (6.6) turns in to
(α2 − ρ)[g(X, M˜(U, V )W ) + η(M˜(U, V )W )η(X) + g(X,U)η(M˜(ξ, V )W )
−η(U)η(M˜(X, V )W ) + g(X, V )η(M˜(U, ξ)W )− η(V )η(M˜(U,X)W )
+g(X,W )η(M˜(U, V )ξ)− η(W )η(M˜(U, V )X)] = 0. (6.7)
In view of (2.9), (2.11), (2.12), (2.13) and (6.3), we have
η(M˜(X, Y )Z) = {(α2 − ρ)−
k
(n− 1)
+
α
2(n− 1)
}{g(Y, Z)η(X)− g(X,Z)η(Y )},(6.8)
η(M˜(ξ, Y )Z) = −{(α2 − ρ)−
k
(n− 1)
+
α
2(n− 1)
}{g(Y, Z) + η(Y )η(Z)}, (6.9)
η(M˜(X, Y )ξ) = 0. (6.10)
Suppose that (α2 − ρ) 6= 0. Then the equation (6.7) with the use of (6.8)-(6.10) gives
g(X, M˜(U, V )W )
+ {(α2 − ρ)−
k
(n− 1)
+
α
2(n− 1)
}{g(X, V )g(U,W )− g(X,U)g(V,W )} = 0.(6.11)
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On contraction of the above equation over X and U , one can get
S(V,W ) =
1
n
[R(g)− 2(α2 − ρ)(n− 1)2 + 2k(n− 1)− α(n− 1)]g(V,W ). (6.12)
Thus, we arrive at the following assertion:
Theorem 6.6. A conformal Ricci soliton in (LCS)n-manifold satisfying R(ξ,X) · M˜ = 0 is
an Einstein manifold provided (α2 − ρ) 6= 0.
We now consider conformal Ricci soliton in (LCS)n-manifold satisfying C(ξ,X) · S = 0.
An interesting invariant of a concircular transformation is the concircular curvature tensor
C [36]. And it is defined by
C(X, Y )W = R(X, Y )W −
r
n(n− 1)
{g(Y,W )X − g(X,W )Y }, (6.13)
Riemannian manifolds with vanishing concircular curvature tensor are of constant curvature.
Thus, the concircular curvature tensor is a measure of the failure of a Riemannian manifold
to be of constant curvature.
Assume that, conformal Ricci soliton in (LCS)n-manifold satisfies C(ξ,X) · S = 0. Then
we have
S(C(ξ,X)Y, Z) + S(Y, C(ξ,X)Z) = 0. (6.14)
Using (2.10) and (2.13) in (6.14), we get
{n(n− 1)(α2 − ρ) + 1}{g(X, Y )S(ξ, Z)− η(Y )S(X,Z) + g(X,Z)S(Y, ξ)
−η(Z)S(Y,X)} = 0 (6.15)
Now we proceed the calculations for n(n− 1)(α2 − ρ) + 1 6= 0.
Plugging Y = ξ in (6.15) and then using (6.3), gives rise to
S(X,Z) = (k − α)g(X,Z) (6.16)
Therefore one can state the following:
14
Theorem 6.7. A conformal Ricci soliton in (LCS)n-manifold satisfying C(ξ,X) · S = 0 is
an Einstein manifold provided n(n− 1)(α2 − ρ) + 1 6= 0.
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